THE Q-PICARD GROUP OF THE MODULI SPACE OF CURVES 
IN POSITIVE CHARACTERISTIC 



ATSUSHI MORIWAKI 

Abstract. In this note, we prove that the Q-Picard group of the moduli space of ri-pointed stable 
curves of genus g over an algebraically closed field is generated by the tautological classes. We also 
prove that the cycle map to the 2nd etale cohomology group is bijective. 



Introduction 

Let k be an algebraically closed field, g and n non-negative integers with 2g — 2 + n > 0, and 
Mg jTl (resp. M ff) „) the moduli space of n-pointed stable (resp. smooth) curves of genus g over k. 
We denote by Pic(M Si „) Q the Q-Picard group of M g ^ n ; that is, Pic(M gin )<Q = Pic(M 9jn ) <g> Q. 
Let A be the Hodge class, ifri, . . . ,ip n the classes of Q-line bundles given by the pull-back of the 
relative dualizing sheaf of the universal curve over M g>n in terms of n sections, and {5 t }t<=T the 



boundary classes in Pic(M Sjn )Q (for details, see §§|L6|). These classes 

A, Vi, • • • , Vn an d S t 's (t e T) 

are called the tautological classes o/Pic(M 9 „)Q. It is well known (due to Harer) that Pic(M 9 „)Q 
is generated by the tautological classes if the characteristic of k is zero (see Arbarello-Cornalba [[]]] 
for its proof by means of algebraic geometry). In this note, we would like to show that this still 
holds even if the characteristic of k is positive. Namely, we have the following. 

Theorem (cf. Theorem |5 . 1| ). Pic(M g . n )<Q is generated by the tautological classes 

A, ipi, ■ ■ ■ ,i> n an d S t 's (t G T) 

for any algebraically closed field k. Moreover, the cycle map 



Pic(M g>n )®Q e ^H* t {M 



g,n: 



is bijective for every prime £ invertible in k. 



We prove the above theorem by using modulo p reduction. The outline of the proof is as fol- 
lows: Let M. g>n be the algebraic stack classifying ^-pointed stable curves of genus g. We com- 
pare the etale cohomology group H^ t (Ai g n (k), Q e ) over k with the singular cohomology group 
H 2 (Ai gjn (C), Q) of the analytic space _M 9in (C) via a smooth Galois covering of M. g , n m terms 
of a Teichmiiller level structure due to Looijenga-Pikaart-de Jong-Boggi; namely, 

dim Qf H* t (M g , n {k), Qt) < dhriQ H 2 (M g , n (C), Q). 

Moreover, using the simple connectedness of the moduli space of curves with a level m > 3 (due 
to Boggi-Pikaart), we see that the cycle map 

Pic{M g>n {k)) ®Qe^ H* t {M g , n {k), Qt) 
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is injective. In this way, we obtain our theorem together with the linear independence of the 
tautological classes. 

After writing this note, Prof. Keel informed me that Prof, de Jong had the same idea for the 
proof of the above theorem. 



1.1. For a finite set S, we denote the number of it by \S\. 

1.2. If a group G acts on a certain kind of a mathematical object, the induced automorphism by 
g E G is denoted by [g]. 

1.3. Let X be a proper algebraic space over an algebraically closed field k. Let L\ and L 2 be 
line bundles on X. We say L\ is numerically equivalent to L 2 , denoted by L\ = L 2 , if (Li • C) = 
(L 2 ■ C) for all curves C on X. The group Pic(X) modulo the numerical equivalence, denoted by 
NS"(X), is called the numerical Neron-Severi group of X. Moreover, we denote NS 1/ (X) £g> Q by 



1.4. Let X be an algebraic scheme over an algebraically closed field k. We define the Q-Picard 
group P'ic(X)q of X to be Pic(X)q = Pic(X) (g> Q. For Li, L 2 G Pic(X), we say Li is al- 
gebraically equivalent to L 2 , denoted by L x ~ aig L 2 , if there are a connected and smooth alge- 



braic equivalence. In other words, NS(X) = Picx(k) / (Pic x ) re d{k), where Picx is the Picard 
scheme of X and Pic^ is the connected component containing 0. The group NS(X) (g) Q, denoted 
by NS(X)q, is called the Q-Neron-Severi group of X. We assume that X is projective over k. 
It is not difficult to see that L\ ~ a / 9 L 2 implies L\ = L 2 , so that we have the natural surjec- 
tive homomorphism NS(X) — > NS"(X). It is well known (due to Matsusaka) that the kernel of 
NS(X) -> NS^X) is a finite group. Thus, we can identify NS(X) Q with NS^(X) Q . 

1.5. In this note, an algebraic stack always means a separated algebraic stack over a locally 
noetherian scheme in the sense of Deligne-Mumford. Let X be a algebraic stack over a locally 
noetherian scheme S. For an algebraically closed field L and a morphism Spec(L) — > S, the 
coarse moduli space of X x s Spec(L) is denoted by Xl (cf. [Q, Chapter I, Theorem 4.10] and [ |l0t 
Corollary 1.3]). 

1 .6. Let g and n be non-negative integers with 2g — 2 + n > 0, and M g , n (resp. M ff) „) the moduli 
space of n-pointed stable (resp. smooth) curves of genus g over an algebraically closed field. 
Roughly speaking, the Q-line bundles A and ipi, . . . , ip n on M 9jTl are defined as follows: Let 7r : 
Mg, n +i Mg^ n be the universal curve of M a , n , and si, . . . , s n : M 9 , n — > M 9 , n +i the sections of n 
arising from the n-points of M g>n . Then, A = det(vr,(^M g , n+1 /m s , J) and fa = s*K 3i „ +1 /w 3 ,J 
for i — 1, . . . , n. Here we set 



1. Notations and conventions 



NS"P0q. 




T 



T 



[n] 



{1, . . . ,n} (note that [0] = 0), 

|zeZ,O<i<^and/C[n]}\{(O,0),(O,{l}),... ,(0,{n})}, 
{{(i, I), (j, J)} | (z, I), (j, J) e T s , n , z + j = 0, J n J = 0, 1 U J = [n]}. 
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The boundary A = M 5 , n \ M g>n has the following irreducible decomposition: 

A = A irr U (J A {(ii/)j(i)J)} . 
{(<.J),(j,J)}eT J ,,„ 

A general point of A irr represents an n-pointed irreducible stable curve with one node. A general 
point of A™ n m represents an n-pointed stable curve consisting of an |/|-pointed smooth curve 
Ci of genus i and a |J| -pointed smooth curve C 2 of genus j meeting transversally at one point, 
where |/|-points on C\ (resp. | J|-points on C 2 ) arise from {s t } te i (resp. {sz}z e j). Let 5 irr and 
j)} be the classes of A irr and A^jy^j)} in Pic(M 9in )Q respectively. For our convenience, 
we denote {(i, I),(g — i, [n] \ I)} by [i, I}. Moreover, we set 

^ l » = T, l „U{[0 I {l}] I ...,[0,{n}]} 
and <5[ ,{i}] = -ipi for % = 1, . . . , n. 

2. Comparison of cohomology groups 

In this section, we would like to show the following theorem, which is crucial for our note. 

Theorem 2.1. Let R be a discrete valuation ring with R C C, and X a proper algebraic stack 
over R (see §§|1.5[/br assumptions of stacks in this note). We assume that there are (i) a finite group 
G, (ii) a smooth, proper and pure dimensional scheme Y over R, and (iii) a surjective morphism 
n : Y — > X over i? vwY/z the following properties: 

(a) G acta on F over X, i.e., tt ■ [g] — n for all g G G. 

(b) X(C) — Y(C)/G as analytic spaces. 

Let Spec(/c) — > Spec(i?) be a geometric point ofSpec(R) (i.e., k is an algebraically closed field), 
and X k the coarse moduli space of X x Spcc ( /? ) Spec(/c). If ' X k is a normal algebraic scheme over 
k, then 

dim^HitiX^Qe) < dim Q H\X{C), Q) 

for every non-negative integer i and every prime I invertible in k. 

Proof. We need three lemmas for the proof of the above theorem. 

Lemma 2.2. Let Abe a commutative ring with the unity, and G a finite group such that the order 
ofG is invertible in A. Then, we have the following: 

(1) Let V be an A-module such that G acts on V A-linearly. Let py : V — > V be a map given 
by ${x) = (l/\G\)J2 geG [g](x). Then, p£ e End A (V) and $(V) = V G . Moreover, 
if B is an A-algebra and G acts on B trivially, then py® AB = Py £3>a ids- In particular, 
V G ® A B = {V ® A B) G . 

(2) Let f : V — > W be a surjective homomorphism of A-modules. We assume that G acts on V 
and W A-linearly, and that f is a G -homomorphism. Then, f(V G ) = W . 

Proof. (1) is obvious. Let us consider (2). First of all, since / is a G-homomorphism, we have 
f(V G ) C W G . Conversely, let us choose an arbitrary element w G W G . Then, there is v G V 
with f(v) = w because / is surjective. Since w G W G , for each g G G, there is x g G Ker(/) with 

v - [g\( v ) = x g- 
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Here we claim that 

[h] (x g ) = Xh g — Xh for all g,h e G. 

Acting h to the equation v — [g)(v) = x g , we have [h](v) — [hg)(v) = [h)(x g ). Moreover, v — 
[h](v) = x h . Thus, 

Xhg = v- [hg](v) = {v- [h](v)) + ([h](v) - [hg](v)) = x h + [h](x g ), 
which shows us our claim. 

We set x = (1/|G|) J2 g eG x a- Tnen ' for a11 h e G, 

1 x 1 . 

i h ]( x ) = Yl^M = Tq\ J2( Xh 9 ~Xh) = x- x h . 
' ' geG 1 1 g eG 

Thus, if we set v' = v — x, then 

[h}(v') = [h](v) - [h]{x) = {v- x h ) - (x - x h ) = v' 
for all heG. Thus, u' G y G and /(u') = f(v) = w. Therefore, we can see that f{V G ) = W G . 

□ 

Lemma 2.3. Let Y be a complex manifold, and G a finite group acting on Y holomorphically. Let 
X be the quotient analytic space Y/G ofY by the action ofG, and tt : Y — > X the canonical mor- 
phism. Let tt* : H l (X, C) — > H l (Y, C) be the homomorphism of the singular cohomology groups. 
Then, for each i, n* is injective and its image is the G-invariant part H l (Y, C) G ofH l (Y, C). 

Proof. Let A 1 (Y) be the space of C°° i-forms on Y, and A % (Y) G the G-invariant part of A % (Y) . 
Then, it is well known (cf. [|8p) that 

^ = Wd:A<<y) T A»y)) md ^ _ Kerfd : A'(Yf A i+1 (Y) G ) 



lm(d : A i - 1 {Y) -> A<(y)) v ' y Im(d : ^- X (F) G -> A*(y) G ) ' 

Note that 

fKer(d : A*(y) G -> A i+1 (Y) G ) = Ker{d : A*(y) -> A i+1 (y)) n A J (y) G 

i im(d : ^-^y) -> A*(y) G ) = im(d : ^(y) -> A*(y)) n a\y) g . 

In particular, 7r* is injective. 

Let us consider the natural homomorphism 

a : Ker(d : A\Y) -> A i+1 (y)) -> /T(y C). 

By Lemma IZ21.2, 



a (Ker(d : A*(y) -> A m (y)) n ^(y) G ) = iT(y, C) G , 
which shows us that 7r*(iTpf, C)) = iP(y C) G . □ 

Lemma 2.4. Lef f : Y X be a finite surjective morphism of normal noetherian schemes. Then, 
the natural homomorphism 

15 injective for every non-negative integer i and every prime £ invertible in H°(X, Ox)- 

Proof. Clearly, we may assume that X and Y are connected. Here we claim the following. 



THE Q-PICARD GROUP OF THE MODULI SPACE OF CURVES 5 

Claim 2.4.1. For every abelian group A, there is a homomorphism 

p f (A) : /„(A y ) -> Ax 

with the following properties: 

(i) p/(A) • /* = deg(/) id, where f* : Ax — > /*(Ay) w natural injective homomorphism. 

(ii) Le? (ft : A' ^ A be a homomorphism of abelian groups. Then, the following diagram is 
commutative. 

MA'r) ^ A* 



/*(Ay) 5- A X 

Let X' and K be the function fields of F and X respectively. First, we assume that K' is 
separable over K. Let K" be the Galois closure of K' over AT, and G the Galois group of K" / K. 

Moreover, let F be the normalization of Y in K", g : Y — > F the induced morphism, and / : F 

f 

Y — > X the composition of morphisms </ and /. We denote by (if'/ X) (A'") the set of embeddings 
of AT' into AT" over AT; that is, 

(K'/K)(K") = {a:K'^ K" \ a\ K = id}. 

For each a E (K' / K)(K"), there is a morphisms <r : F — > F over X such that the induced map 
of function fields is er. Here let us consider a homomorphism p' : f*(Ay) — > /*(A y ) given by 

p'W = E CTe (x'/^)(K'') ^"O). Itis eas y to see that 

Im(p') C /*(A y ) G 
Moreover, since G acts transitively on the fibers of F — > X, we can see 

/,(A y ) G C Im(f : A x - /*(A y )). 
Thus p' gives rise to a homomorphism 

P/ (A):/,(A y )^A x . 

Next, let us consider a general case. Let K 1 be the separable closure of K in K', and Fi the 
normalization of X in A'i. Then, there are finite morphisms g : Y — > Fi and /i : Fi — > X 
with f = h ■ g. Since c/ is purely inseparable, A Yl <7*(Ay). Thus, h*(A Yl ) /*(Ay). Let 
Pa(^) : ^*(AyJ — > Ax be a homomorphism as above. Then, p\(f) is given by deg{g)p\{h). 

The properties (i) and (ii) are obvious by our construction. 

Let us go back to the proof of our lemma. Since / is finite, H\Y eU Z/n) = H\X eU f*(Z/t n Z)). 
Thus, by the above claim, we have a homomorphism g m : H l (Y et , Z/ t n Z) — > H l (X et , Z/£ m Z) 
such that g m - f* = deg(/) id. Here the following diagram is commutative by the property (ii): 

iP(F et , Z/f^Z) H\X et , Z/£ m+1 Z) 

iP(F et ,Z/«) H^X^Z/n) 
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Thus, we have g : H l et (Y, Q e ) -> H l et (X, Q e ) with g ■ /* = deg(/) id. Therefore, /* is injective. 

□ 

Let us start the proof of Theorem |2J]. Let fj be the geometric generic point of Spec(-R), and t 
the geometric closed point of Spec(i?). Here we consider two cases: 

(i) The image of Spec(fc) — * Spec(i?) is the generic point. 

(ii) The image of Spec(fc) — > Spec(i?) is the closed point. 

In the first case, by the proper base change theorem (cf. [|[ Chapter I, Theorem 6.1]), 

Hl t (Y k ,Q e )=Hl t (Y n ,Q e ). 



Here, by virtue of Lemma |2.4|, the natural homomorphism H l et (X k , Qe) —> H l et (Y k , Qe) is injective 
and its image is contained in H l et (Y k , Qe) G because the action of G is given over X k . Thus, 

dim Q/ Hl t {X k , Q e ) < dim Qe H l et (Y k , Q e f = dim Qe H l et {Y n , Qef. 

Further, by the proper base change theorem, the comparison theorem (cf. Chapter I, Theo- 
rem 1 1 .6]), Lemma [2~2"1 . 1 and Lemma [2~3i 

dim^ Hl t {Y n , Q e f = dim Qe Hl t (Y c , Q e f = dim Qe H\Y{C), Qe) G 

= dim c H%Y(C), C) G = dime H\X{C), C). 

Therefore, we get our assertion. 

In the second case, by using the proper base change theorem and Lemma as before, we have 

dim Q£ W et (X k , Qt) < dim Qi W et (Y k , Q £ ) G = dim Qi W et {Y h Qe) G 

and 

<lim;;. W et (Y n , Q e ) G = dim c H l (X(C), C). 
Therefore, it is sufficient to show that 

(2.5) dim Q , Hl t (Y, Q e ) G = dun Qe WJXv Qef. 

Indeed, let / : Y — > Spec(i?) be the canonical morphism, and we set F = R l et f*(Qe). Then, G 
acts on the sheaf F of etale topology. Namely, for any etale neighborhood U of Spec(-R), G acts 
on F(U), and for any etale morphism V — > U of etale neighborhoods of Spec(-R), the canonical 
homomorphism F(U) — > F(V) is a G-homomorphism. Thus, the specialization map 

s : H^Yf, Qe) = F;^F n = W et (Y n , Q e ) 

is a G-homomorphism. On the other hand, by virtue of the proper-smooth base change theorem 
(cf. [j5j, Chapter I, Lemma 8.13]), s is bijective. Thus, we get (|23[), which completes the proof of 



Theorem ^J]. □ 

Corollary 2.6. Let g and n be non-negative integers with 2g — 2 + n > 0, and M. g , n the algebraic 
stack classifying n-pointed stable curves of genus g. Then 

dim Qi Hi t ((Mg t n)k, Qi) < dim Q ir(.M s , n (C),Q) 

for every algebraically closed field k, every non-negative integer i and every prime £ invertible in 
k. 
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Proof. By virtue of smoothness of the moduli of curves with non-abelian level structure due 
to Looijenga-Pikaart-de Jong-Boggi (QT2T], JT3]], [Q]), especially by [Q, Proposition 2.6], there are 
(1) a positive integer m, (2) a finite group G, (3) a smooth, proper and pure dimensional scheme 
Y over Z[l/m], and (4) a surjective morphism 7r : Y — > .M flin ®Z[l/m] over Z[l/m] such that (a) 
m is invertible in fc, (b) G acts on K over M. g>n <E>Z[l/m] (i.e. 7T • [g] = it for all g G G), and that 



(c) M. gn (C) — Y(C)/G as analytic spaces. Here, (A4 gn )k is projective. Therefore, Theorem [2TT 



implies our corollary. □ 



3. Comparison of the Q-Picard group with the Q-Neron-Severi group 

In this section, we prove the following theorem. 

Theorem 3.1. Let g and n be non-negative integers with 2g — 2 + n > 0, and M g , n the moduli 
space of n-pointed stable curves of genus g over an algebraically closed field k. Then, the natural 
homomorphism Pic(M 9i „)(Q — > NS(M 9i „)q is bijective. 

Proof. We need to prepare several lemmas. 

Lemma 3.2. Let f : Y — > X be a finite and surjective morphism of normal noetherian schemes. 
Then, there is a homomorphismNrnx/y '■ Pic(Y) — > Pic(X) such that Nmx/Y(f*(L)) = L® deg ^ 
for all L G Pic(X). 

Proof. Let K' and K be the function fields of Y and X respectively. Let Nm : K' — > K be the 
norm map of K' over K. Here we claim that Nm : K' —> K gives rise to Nm : f*(0 Y ) — > Cjf- 
This is a local question, so that we may assume that Y = Spec(-B) and X = Spec(A). In this case, 
our assertion means that Nm(x) G A for all x G B. Since A is normal, to see Nm(x) G A, it is 
sufficient to check that Nm(i) G Ap for all P G Spec(v4) with ht(P) = 1. Here Bp is flat over 
A P . Thus, Pp is free as Ap-module. Hence we can see Nm(Pp) C A P . Therefore, we get our 
claim. 

Let L G Pic(y). Then, by [[T3|, Lecture 10, Lemma B], there is an open covering {U a } ae j of 
X such that L\j-i, Ua s is a trivial line bundle; i.e., there is cu a G L(/^ 1 (f/ a )) with L\^ i , u< ^ = 

O f -i(u a )U a . Thus, if we set g af3 = ujp/uj a for a, (3 G I, then # a/3 G n C/g)), so that 

Nm(g a p) G 0^([/q, fl t/g). Therefore, {Nm(g a ;))} gives rise to a line bundle M on X. This is the 
definition of Nm^/y : Pic(F) — > Pic(X). The remaining assertion is obvious by our construction. 

□ 



Lemma 3.3. Let f : Y ^ X be a finite and surjective morphism of normal varieties over an 
algebraically closed field k. Then, we have the following. 

(1) /* : Pic(X) Q — >■ P1c(F)q is injective. 

(2) If Pic(y)nj — > NS(F)q is injective, then so is Pic(X)q — > NS(X)q. 
Proof. (1) This is a consequence of Lemma |3T2". 

(2) Let us consider the following commutative diagram: 

Pic(X) Q ► NS(X) Q 



Pic(y) { 



r 

NS(y)« 
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By (1), /* : Pic(Jf)Q — ► Pic(F)<Q is injective. Thus, we have (2) using the above diagram. □ 

Lemma 3.4. Let f : Y — > X be a finite and surjective morphism of normal noetherian schemes. 
IfY is locally factorial (i.e., Y<y is UFD for all y G Y), then, for any Weil divisor D on X, 
deg( f)D is a Cartier divisor. 

Proof. Clearly, we may assume that D is a prime divisor. Let D' be a Weil divisor associated 
with the scheme f~ l {D). Then, D' is a Cartier divisor. Thus, Nm y/x (C y (D')) G Pic(X). Let X 
be a Zariski open set of X such that D is a Cartier divisor on X and codim(X \ X ) > 2. Then, 
Nm Y/x (0 Y (D')) = O x (deg(f)D) on X . Thus, Nm Y/x (0 Y (D>)) = O x (deg(f)D) on X. In 
particular, O x (deg(f)D) is locally free, which means that deg(f)D is a Cartier divisor. □ 

Lemma 3.5. Let Y be a normal projective variety over an algebraically closed field k.IfY is 
simply connected and there is a finite and surjective morphism f : Z — > Y of normal projective 
varieties such that Z is smooth over k, then the natural homomorphism 

Pic(F) <g> Z[l/ deg(f)} - NS(F) ® Z[l/ deg(/)] 

is bijective. Moreover, ifdeg(f) is invertible in k, then Pic(F) — > NS(V) is bijective. 

Proof. We set n = deg(f) and P = (Pic Y ) re d, which is a subgroup scheme of Picy. For a 
positive integer i, let [£] : P — ► P be a homomorphism given by [£] (x) = Ix. First we claim the 
following. 

Claim 3.5.1. [n] (P) is proper over k. 

For this purpose, it is sufficient to see that every closed irreducible curve C in [n] (P) is proper 
over k. For a curve C as above, there are a proper and smooth curve T over k, a non-empty 
Zariski open set T of T, and a morphism : T — > P such that the Zariski closure of the image 

T P P is C. The morphism <\> : T — » P C Picy gives rise to a line bundle L on 
T x Y such that <p(x) is the class of -^olj^jxy for all x G T . Let us take a Cartier divisor D 
such that Ot xy(Do) = L . Then, there is a Weil divisor P on T x F with D\ T()XY = D . Here 
idy xf: TxZ^TxY is a finite and surjective morphism of normal varieties such that T x Z 



is smooth over k. Note that deg(id^ xf) = deg(f) = n. Thus, by Lemma pT4| , nD is a Cartier 
divisor. Let <p' : T — > P be a morphism given by a line bundle (9 Tx y(nP). Then, 0'| T = [n] ■ 0. 
Here C is closed in P because [n](P) is closed in P. Thus, we can see that 4>'(T) = C. Hence C 
is proper over k. 

Next we claim the following. 

Claim 3.5.2. [£] : P(k) — > P(k) is injective for every positive integer £ invertible in k. 

Since Y is simply connected, by [Q, Proposition 2.11], H l (Y, (/^)y) = 0. Thus, the Kummer 
exact sequence: 

yields an injection [£] : Pic(F) — > Pic(F). Hence [£] : P(k) — > P(/c) is injective. 

By Claim p.5.2| , [£] : [n}(P)(k) — > [n](P)(fc) is injective for every positive integer £ invertible 
in Thus, [^](P) = {0} because [n](P) is an abelian variety by Claim P3TT] . Hence 

P(k) ®Z[l/n] = {0}. 
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Therefore, we get the first assertion because NS(X)®Z[l/n] = Picy(fc)®Z[l/n]/P(A;)(g)Z[l/n]. 

Moreover, if n is invertible in k, then [n] : P(k) — > P(k) is injective. Therefore, P(k) = {0}. 
Hence, we have the second assertion. □ 

Lemma 3.6. Let f : Y ^ X be a morphism of projective normal varieties over an algebraically 
closed field k. We assume that (1) X and Y are Q-factorial, (2) dim f~ 1 (x) = 1 for all x G X, 
and that (3) there is a non-empty open set X such that f^ 1 {x) is a smooth rational curve for every 
x G X (k). If D is a Q-divisor on Y with D = 0, then there is a Q-divisor E on X such that 
f*{E) ^ Q DandE = 0. 

Proof. Clearly, we may assume that D is a Carrier divisor. Then, f*(Oy(D)) is a torsion free 
sheaf of rank 1 because D\^ 1 ^ = Of-i^ for all x G X (k). Thus, there is a divisor E onX such 

that/,(O y (D)) vv = O x (E). Considering the natural homomorphism /*/*(Cy (^)) -> O y (D). 
We can find an effective divisor T on Y such that D ~ Q f*(E) + T and f(T) C X \ X . Here 
(T • C) = for all curve C with dim /(C) = 0. Thus, using Zariski's Lemma (cf. Lemma [A7T] ) 



there are a Q-divisor S on X and a Zariski open set X 1 of X such that /* (S) ~q T on / 1 (Xl) and 
codim(X \ X{) > 2. Therefore, D ~ Q /*(£ + 5) on f~\X x ). Here codim(F \ > 2 - 

Thus, L> ~q /*(£ + 5) on Y. It is easy to see that E + S = using £> = 0. □ 



Let us start the proof of Theorem |3TT]. First, let us consider the case g > 2. Then, by [g, 
Proposition 2.6 and Proposition 3.3], there are finite and surjective morphisms Z — > Y and F — > 
Mg tn of normal projective varieties over k such that V is simply connected and Z is smooth over 



k. By Lemma [33|.2 and Lemma |3~3[, Pic(M 9 „)(Q — >■ NS(M Si7l )q is bijective. 

Next let us consider the case g — 0, 1. In order to see our assertion, it is sufficient to show that 
if D = for a Q-divisor .D on M 9 n , then D ~q 0. We prove this by induction on n. First, note 
that dim M ,3 = 0, M ,4 = P& and M x ,\ = P*. Let us consider tt : M 9i „ -> M s , n _i. If a = 0, 1, 
then a general fiber of n is a smooth rational curve. Moreover, M gyTl and M„ n _i are Q-factorial 



and dim7r = 1 for all x G M s „_i. Thus, by Lemma |3~^|, there is a Q-divisor E on M gn _i 



such that .D ~q 7r*(E) and E = 0. By the hypothesis of induction, we have i? ~q 0. Thus 
D~o 0. □ 



Corollary 3.7. Le? g, n, M g<n and k be the same as in Theorem \3.\[ Then, the cycle map 

cl 1 : Pic(M g , n ) ®Q e ^ H 2 et (M g , n , Q e ) 
is injective for every prime £ invertible in k. 

Proof. Since M 9 , n is projective, the kernel of NS(M g n ) — > NS v (M gn ) is finite. Thus, by 



Theorem |3J], we have 

Pic(M fl>n ) Q NS(M 9 , n ) Q NS"(M fl , n )Q. 
Therefore, it is sufficient to show the following lemma. □ 

Lemma 3.8. Let X be a proper algebraic spaces over an algebraically closed field k, and £ a 
prime invertible in k. Let tt : Pic(X) <g) — > NS^(X) <S> Z^ be the natural homomorphism and 
cl 1 : Pic(X) ® Z £ -> # e 2 t (X, Z<) riw? cycfe map. r/zen, Ker(cl 1 ) C Ker(7r). /n particular, 

Ker(Pic(X) <g> Q £ -> if 2 (X, <&)) C Ker(Pic(X) ® Q £ -> NS V (X) <g> Q £ ). 
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Proof. Let us consider an exact sequence 

Pic(X) Pic(X) -> H 2 (X et ,Z/£ m Z) 
arising from the Kummer exact sequence 

-> Z/f™Z -> 0\ -> 0. 

Since Z^ is fiat over Z, we have an exact sequence 

Pic(X) ® Z £ Pic(X) <g> Z^ i/ 2 (X e t, Z/f"Z) ® = if 2 pT e t, Z/f"Z) 

Note that cl 1 is given by lim p m : Pic(X) <g> Z £ -> lim# 2 (X et , Z/£ m Z). Thus, if ac G Ker(cl 1 ), 
then p m (x) = for all m. Therefore, there is y m G Pic(X) <g> Z^ with £ m p m = x. Let C be an 
irreducible curve on X. Then, (x ■ C) = d m {y m ■ C). Here (y m ■ C) G Z £ . Thus, 

(x-C)Gf|^ m Z £ = {0}. 

m 

Thus, x G Ker(7r). □ 



4. Linear independence of the tautological classes 

Let k be an algebraically closed field, g and n non-negative integers with 2g — 2 + n > 0, and 
M g , n the moduli space of n-pointed stable curves of genus g over k. Then, we have the following 
(see §§|L6| for the definition of T g>n , T e g n and the classes 5 V (v G n )): 

Proposition 4.1. (1) If g > 3, ?/zen A, 5i rr and 5 v 's (v G T^ n ) are linearly independent in 

NS(M fljn ) Q . 

(2) /fp = 2, f/zen A anJ <5„ '5 (v G T 2 n ) are linearly independent in NS(M 2)n )(Q. 

(3) If g = 1, f/zen A and t^'s G Ti >n ) are linearly independent in NS(Mi )n )Q. 

Proof. First of all, by [|7|, Theorem 2.2], we have the following. 

(a) If p > 3, then there is a morphism tp irr : F\ — ► M S) „ such that deg (<£>*„, (A)) = 0, 
degO*, r (<5 irr )) = -1 and deg(<p irr (<J u )) = (V u G T^ n ). 

(b) If p > 2, then, for every < i < g — 2 and every I C {1, . . . , n} with [z, J] G n , there is 
a morphism ip itI : P^ — > M g>n such that deg(^* r (A)) = 0, deg(ip* j(5 irr )) = and 




ifv^[i,I] 



dee(<pti&)) = i n ..... , (V«gT;,J 



( c ) If P > 2, then, for every 1 < i < p — 1 and every Id {1, . . . , n} with [i, I] G n , there is 
a morphism 92^/ : Pj[, — > M 9 , n such that deg(^* 7 (A)) = 0, deg((^* J (5 i „.)) = —2 and 

if l> f: ^ Jj y ' 
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(d) If g > 1, then, for every i, j > and every 7, J C {1, . . . , n} with i + j <g> — 1, 1 D J — $ 
and [i, J] e T* n , there is a morphism y?i,j,/,j : P£ -> M Sjn such that deg(</7* J)J J (A)) = 0, 
de g(^i,/,j(^r)) = and 

{1 if v = [i + j,IU J] 
-1 if v = [i,l\,\j, J] 
otherwise 

for all v E T g n . 

(1) First, let us consider the case g > 3. We assume that 

D = a\ + b irr 5i rr + = 0. 

Then, since deg((/9* rr (7J>)) = 0, we have b irr = 0. Here g > 3. Thus, for every d e , we can 
find i, I such that < % < g — 2, 7 C {1, . . . , ra} and u = [i, 7]. Thus, by the above (b), we can 
see b v = for all t> e . Hence 7) = aA = 0. Therefore, a = 0. 

(2) Next, let us consider the case g = 2. We assume that 

D = aA + ^2 b v$v = 0- 

If v = [0, 7] for some 7 C {1, . . . , n}, then, using (b), we can see 6„ = 0. Otherwise, we can set 
v = [1, /'] for some I' C {1, . . . , n}. Then, 6„ = by (c). Thus 7) = aA = 0. Hence, a = 0. 

(3) Finally, let us consider the case g — 1. We assume 

7J = A + ^ 6A = 0, 

where &[o,{i>] = for alH = 1, . . . ,n. Then, by virtue of (d), For every non-empty 7, J C 
{1, . . . , n} with 7 n J = 0, 6 [0) juj] = 6[o,j] + & [o,J]- Therefore, 

for all non-empty 7 C {1, . . . , n}. Hence D = a\ = 0. Therefore, a = 0. □ 

5. Generators of the Q-Picard group and the cycle map 

Let g and n be non-negative integers with 2g — 2 + n > 0, and M. g , n the algebraic stack 
classifying n-pointed stable curves of genus g. For an algebraically closed field k, let (M g , n )k be 
the coarse moduli scheme of M. g>n Xspec(z) Spec(/c). 

Theorem 5.1. Pic((*M 9in )fc)<Q z's generated by 

A, V'l, • • ■ , V'n, ^irr (f £ T ffj7l ) 

/or any algebraically closed field k. Moreover, the cycle map 

Pic((Mg, n ) k ) ®Qe^ H 2 et ((M g , n ) k , Q e ) 
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is bijective for every prime £ invertible in k. 
Proof. By Corollary |377|, the cycle map 

Pic((M g>n ) k ) ®Q e ^ H 2 t ((M g , n ) kl Q e ) 

is injective. Hence, we get 

dim Q Pic((.M 9in ) fe )Q < dim^ # 2 ((M g>n ) k , Qe). 

Moreover, by Corollary 

dirriQ, H 2 t ((M g , n ) k , Q e ) < dim Q H 2 (M g , n (C) , Q) . 

Therefore, 

(5.1.1) dim Q Pi C ((M g , n ) k ) Q < dim Q H 2 {M g>n {C),Q) 

and if the equation holds, then the cycle map is bijective. 

In the case g = 0, the assertions of our theorem are well known (for example, see [Q]), so that it 
is sufficient to show the following (a)-(c) and dmiQ Pic((M.g jTl ) k )Q = diniQ H 2 (M gjn (C), Q) for 
each case. 

(a) If g > 3, then A, ipx, . . . , ip n , 5 irr and 5 v 's (v G T 9in ) form a basis of Pic((A4 9jn ) fc )(Q. 

(b) If g = 2, then A, , ipi, . . . ,ip n and 5„'s (v G T 2 , n ) form a basis of Pic((A^ 2 ,n)fc)(Q. 

(c) If g — 1, then A and 5„'s (t; G Ti ;n ) form a basis of Pic((.Mi in )fc)Q. 
First of all, it is well known (cf. [p) that # 2 (.M ff>ri (C), Q) is generated by 

A, ipi, . . . , if) n , 8 irr and 8 v 's (v G T 9;n ). 



(a) By Proposition 143]. 1, X,ipi, . . . , <5j rr and 5„'s (t; G T s n ) are linearly independent in 
if 2 (.M gin (C), Q), and these are also linearly independent in Pic((J^i giTl ) k )Q. Thus, by fl5.1.1| ), 

A, -01, - • ■ , ^n, $irr and 5„'s (v G T 9)n ) 
gives rise to a basis of Pic^A^)*)®, and dim Q Pic((M gin ) k )Q = dim Q F 2 (A^ 5 , n (C), Q). 

(b) We know that 10A = 5 irr + 25i on M 2 {C). Thus, # 2 (.M 2 , n (C), Q) is generated by 

A, ipi, . . . ,ip n and 5^'s (v G T 2 ,„). 

By Proposition |Q].2, these are linearly independent in if 2 (.M 2jri (C), Q). Moreover, these are 
also linearly independent in Pic((.M2,n)fc)Q. Thus, ( |5.1.ip shows us that these form a basis of 

NS((A* 2 ,n)fc)o and that dim Q Pic{{M 2 ,n)kh = dim Q H 2 (M 2 , n (C), Q)- 

(c) First, we know 5 irr = 12A on jM 1i1 (C) and ipi — A + Yliei m >2 $[o,i] for all i on .Mi,„(C). 
Thus, _£f 2 (.Mi in (C), Q) is generated by A and 8 v 's (v G Ti jn ). Therefore, by using Proposi- 
tion IQ]. 3 and ( |5.1.1] ), Aand5„'s(t; G T 1 n ) form abasis of Pic((.Mi n ) k )Q and dim Q Pic((.Mi n )fc)<Q 
dim Q # 2 (.M lin (C),Q). D 

Corollary 5.2. Le? g and n be non-negative integers with 2g — 2 + n > 0, anJ ^ 5 ,n ^ moJ- 
w/i space of n-pointed smooth curves of genus g over an algebraically closed field k. Then, 
Pic(M Si „)Q is generated by A, ipi, . . . , ipn- 

Proof. Let us consider the restriction map Pic(M 9 „)Q — > Pic(M 9 „)Q. Since M 9 ,„ is Q- 
factorial, it is surjective. Thus, Theorem |5J] implies our corollary. □ 



THE Q-PICARD GROUP OF THE MODULI SPACE OF CURVES 13 

Appendix A. Zariski's lemma for integral scheme 

Let R be a discrete valuation ring, and / : F — > Spec(i?) a flat and projective integral scheme 
over R. Let rj be the generic point of Spec(i?) and o the closed point of Spec(i2). We assume that 
the genetic fiber Y n of / is geometrically reduced and irreducible curve. Let Y Q be the special fiber 
of /, i.e., Y Q = f*(o). Let us consider a paring 

Pic(r)®CH (r o )^CH 1 (r o ) 

given by the composition of homomorphisms 

Pic(y) ® ch (f o ) -> Pic(F ) ® ch (f o ) -> cr\y ). 

We denote by x • z the image of x <8> z by the above homomorphism. For a Cartier divisor Z) on 
F, the associated cycle of D is denoted by [D], which is an element of Z l (Y). Let us consider the 
following subgroup F C (Y) of Z (Y o ): 

F C (Y) = {x £ Z (Y o ) \x=[D] for some Cartier divisor D on Y}. 

For a Cartier divisor D onY with [D] £ F C (Y), and y £ i^OO' ' V depend only on [D]. For, if 
D' is a Cartier divisor on F with [D 1 ] = [D], and E is a Cartier divisor on F with y = [E], then, 
by [g, Theorem 2.4], 

D ■ y = E ■ [D] = E ■ [D 1 ] = D'-y. 
Thus, we can define a bi-linear map 

g:F c (F)xF c (F)^CH 1 (F ) 

by g([D], y) = D-y. Moreover, [^, Theorem 2.4] says us that q is symmetric; i.e., q{x, y) = q(y, x) 
for all x, y £ Z C (F). Then, we define the quadratic form Q on F C (F) by 

Q(x,y) = deg(q(x,y)). 

Then, we have the following Zariski's lemma on integral schemes. 

Lemma A.l (Zariski's lemma for integral scheme). (1) Q([Y ],x) = Ofor all x £ F c (Y)q. 

(2) Q(x,x) < for any x £ F C (F) Q . 

(3) x) = /fanJ on/v /fx £ Q • [FJ. 

Proof. (1): This is obvious because Cy (F G ) ~ Cy. 

(2) and (3): If x £ Q • [F G ], then by (1), Q(x, x) = 0. Thus, it is sufficient to prove that (a) 
Q(x, x) < for any x £ F c (Y)q, and that (b) if Q(x, x) = 0, then x £ Q • [F ]. Here we need the 
following sublemma. 

Sublemma A.l.l. Let V be a finite dimensional vector space over R, and Q a quadratic form on 
V. We assume that there are e £ V and a basis {e\, . . . , e n } ofV with the following properties: 

(i) If we set e = a\e\ + • • • + a n e n , then > Ofor all i. 

(ii) Q(x,e) < Ofor all x £ V. 

(iii) Q{e i: €j) > Ofor all i ^ j. 

(iv) If we set S = | i ^ j and Q{e^ef) > 0}, then, for any i ^ j, there is a sequence 
ii,... , %\ such that i\ = i, i t = j, and (i t , it+i) £ S for all 1 < t < I. 

Then, Q(x,x) < for all x £ V. Moreover, ifQ(x,x) = for some i ^ 0, then x £ Me and 
Q{y,e) = Ofor ally £ V. 
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Proof. Replacing by a^j, we may assume that a\ — ■ ■ ■ — a n — 1. If we set x — x\e\ + 
■ ■ ■ + x n e n , then, by an easy calculation, we can show 

Q(x, x) = x 2 Q(e h e) - ^(xj - x j ) 2 Q(e i , ej). 

i i<j 

Thus, we can easily see our assertions. □ 

Let us go back to the proof of Lemma |A.1| , First, we assume that Y is regular. Let (Y ) re d = 
Ei + ■ ■ ■ + E n be the irreducible decomposition of (Y ) red . Since Y is regular, E/s are Carrier 
divisors on Y and [Ei] G F C {Y) for all i. Moreover, we can set Y a = a\Ei + ■ ■ ■ + a n E n for some 
positive integers a±, . . . , a n . Thus, if we set e = [Y a ] and = [Ei] for i = 1, . . . , n, then (i), 
(ii) and (iii) in the above sublemma hold. Moreover, since Y Q is geometrically connected, (iv) also 
holds. Thus, we have our assertion in the case where Y is regular. 

Next, let us consider a general case. Clearly we may assume that x 6 F C (Y); i.e., x = [D] 
for some Carrier divisor D on Y. By virtue of [fTJ], there is a birational morphism /i : Y' — > Y 
of projective schemes over R such that Y' is regular. Using the projection formula (cf. (c) of 
Proposition 2.4]), 

deg(CM/i*(L>)) • |/i*(£>)]) = deg(O y ( J D) • [I?]). 

Thus, if Q(\fi*(D)], [fi*(H)]) < 0, then Q([D], [D]) < 0. Moreover, if there is a rational number 
a such that [ji*{D)] = a[F G '], then [//*(£))] = a[/i*(Y" )]. Thus, taking the push-forward we can 
see that [D] = a[F ] in Z 1 (Y)q. Hence, we get our lemma. □ 
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